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Abstract. Let G be a finite group. For a based G-space X and a Mackey 
functor M, a topological Mackey functor X(&M is constructed. When X is a 
based G-CW complex, X®M is shown to be an infinite loop space in the sense 
of 5-spaccs. This gives a version of the /JO(G)-graded equivariant Dold-Thom 
theorem. Applying a variant of Elmendorf's construction, we get a model for 
the Eilenberg-Mac Lane spectrum HM. The proof uses a structure theorem 
for Mackey functors and our previous rcsults. 
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1. Introduction 

In nonequivariant algebraic topology, a fundamental tool to study singular ho- 
mology is the abelianization functor X h-> X ®f Z, from topological spaces to 
topological abelian groups (X <g>jr Z is our notation for the frcc abelian on X ap- 
propriately topologized; see Example I2.23|) . The classical Dold-Thom theorem [3] 
asserts a natural isomorphism 

TTi(X ®^ Z) = Hi(X; Z), 

when X is a CW complex. Applying (the reduced version of ) this functor to spheres 
produces a geometric model for the Eilenberg-Mac Lane spectrum H%. 

In this paper, we construct a functor that will play the role of the abelianization 
functor in the context of equivariant algebraic topology over a finite group G (which 
will be fixed throughout the paper). 

First we need to establish some notation. We denote by J 7 , U, T, and Ab the 
categories of finite sets, unbased (compactly generated) topological spaces, based 
(compactly generated) topological spaces, and abelian groups. The corresponding 
categories of G-objects (given by a monoid homomorphism from G to the Hom 
monoid of the object) and equivariant morphisms are denoted by GJ-, GIA, GT 
(where the base point is G-fixed), and G-Mod (G-modules). We will denote a Hom 
space in a topological category C (such as U, GU, T, GT) by Map c . 
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Onc important distinction between the equivariant and nonequivariant settings 
is that in the formcr, cocfficients are more complicated objects, and diffcr for homol- 
ogy and cohomology. By definition, a covariant coefficient system k is a covariant 
functor k : GT — > Ab that transforms disjoint unions into direct sums, and this is 
the coefficient system needed for equivariant homology. The corresponding con- 
travariant coefficient systems are needed for equivariant cohomology. 

Another related notion is that of based Q-space, i. e. a contravariant functor 
X : GT° V — ► T transforming disjoint unions into products. The functor category of 
based C/-spaces is denoted by QT . Naturally, there is also the notion of (unbased) 
Q-space whose category we denote by QIA. 

Remark 1.1. Let G be the orbit category of G - the objects are orbits G/H and 
the morphisms are G-maps. There is a natural inclusion functor Q — > GT ', since 
G is finite. Furthermore, each finite G-set S can be uniquely written as a disjoint 
union of G-orbits (hence G/H for some H after we choose one point in the orbit). 
Therefore a C?-space X is completely determined by its restriction 

x ■. g op -> r, 

since X is required to transform disjoint unions to products. We will interchange- 
ably use the two equivalent defmitions throughout the paper. 

The importance of the category QT stems from the fact that it is related to GT 
by the functor of fixed points: 

(1.2) GT — » QT\ X^ ((S 6 GT) i-> Map GU (S,X) = Mwp GT (S+,X)), 

where the equivariant mapping spaces are based by the constant map to the base 
point of X. (When S = G/ 'H, <£X{G/H) = Map GW (G/ff, X) = X H is the fixed 
point space.) If no risk of confusion arises, we will often abuse notation and write 
X for $X e QT . Similarly, there is an unbased version of the functor of fbced 
points also denoted <£•: GIA — > QU. We will also use a variant of the coalescence 
functor 'f : QU — > GIA introduced by Elmendorf in [5] . Up to homotopy it is the 
right adjoint of <£>, and allows us to work in the category QIA, with its Standard 
model structure [H Chapter VI], and then translate results back to GIA. 

The natural replacement for singular homology in the equivariant setting is Bre- 
don homology [T]. In [S] the second author constructed a version of the abelian- 
ization functor adapted to Bredon homology. For each covariant coefficient system 
k, he defined a functor from G-spaces to topological abelian groups, denoted by 
X ®gf k (the original notation was QX ®gf k), by the following coend construc- 
tion 

(1.3) X® G ?k= \[ Map GW (S,X) x*(5)/«, 

SeGF 

where the equivalence relation is generated by 

(1.4) Map GW (S, X) x k(S) 3 {<t»f\K) « (4>, /*«) e Map GW (T, X) x k(T) 

for a map / : S — * T in GT with <j>f* = <j>o f and /» = k(f). In [9l Theorem 1], he 
showed that for a G-CW complex X, there is a natural isomorphism 

(1.5) Ti l {X® GF k)^Hf{X-k), 

where the right hand side denotes the Bredon equivariant homology of X with 
coefficients in k. 
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Thus, for Bredon homology with a general covariant coefficient system, the ques- 
tion of finding a replacement for the abelianization functor is satisfactorily settled. 
However, for the important class of covariant coefficient systems which also have 
suitably coupled contravariant functoriality to form some objects called Mackey 
functors (we will recall the definition in Section 2), Bredon homology has a lot 
more structure since: 

(i) it can be enhanced to a theory with values in the category of Mackey func- 
tors [TU]; 

(ii) it can be enhanced to an _RO(G)-graded theory [S]. 

Our goal in this paper is precisely to construct a version of the abelianiza- 
tion functor adapted to RO(G)-graded eguivariant homology with coefficients in 
a Mackey functor. 

To this end, we start with a Mackey functor M and a G-space X and enhance 
the topological abelian group (|1.3p to a topological Mackey functor X ® M (see 
Definition I2.3[) . We achieve this by following closely the procedure used in [10] to 
endow H*(X; M) with a canonical Mackey functor structure. 

We then proceed to verify expected properties, like the fact that for a point Xq 
one gets xq ® M = M, and the existence of a reduced version of the construction 
X®M (Definition [235]) satisfying 

X <g> M = M e X®M, 

for X based. In Example l2.23l we show that our construction generalizes that given 
in [4] where the special case of a Mackey functor associated to a G-module was 
treated. 

Being a topological Mackey functor, X®M is in particular a based ^-space (we 
consider a topological abelian group to be based at 0). Thinking of ^-spaces as 
generalizations of G-spaces, X®M is a reasonable candidate for the abelianization 
functor adapted to i?0(G)-graded homology. In Section 3 we show that this is 
indeed the right candidate: for a based G-CW complex X, 

(i) we introduce the notion of J7-CJ-spectrum (Definition 13. 11 j) and prove in Theo- 
rem 13.151 that the correspondence V i-» {E v X)®M defines an J2-C/-spcctrum, 
denoted (E°°X)®M (here V ranges over finite dimensional G-representations, 
S := V U oo is the V-sphere, and E v X = S v A X is the corresponding sus- 
pension); 

(ii) we establish the following RO (G)-graded version of the Dold-Thom theorem 
(Theorem [«TU 

tt£(X§M) := [®S V ,X®M] gT S H${X;M), 

where the [— , —]gr denotes based homotopy classes of based 5-maps and the 
right hand side denotes the i?0(G)-graded equivariant homology of X. 

Our strategy to prove these results is to use a structure theorem for Mackey 
functors of Greenlees and May [7] to reduce to the case of a Mackey functor obtained 
from a G-module (see Example I2.23P , which was treated in [1] . 

In Section 4 we show that applying a variant of Elmendorf 's coaleseence functor 
\1/ [5] to the J?-C/-spectrum (£ oc X)®M gives an f2-G-spectrum. In particular, tak- 
ing X = S° we get a new model for the equivariant Eilenberg- Mac Lane spectrum 
HM . This model differs from the previously known models [2] in that it does not 
require any stabilization with respect to the representation spheres. 
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2. CONSTRUCTION AND EXAMPLES 

In this section, we associate a topological Mackey functor X <g) M to each pair 
(X, M), where X is a G-space and M is Mackey functor M. We also introduce a 
reduced version of this construction for a based G-space X, denoted X®M . We 
study the properties of the bifunctors (X, M) t-> X®M and [X, M) i-v X®M, and 
we discuss some examples. 

Let us start by recalling the definition of a Mackey functor. 

Definition 2.1. A Mackey functor M consists of a pair (M*, M») of functors 
M* : GT op — > Ab and M* : GT — > .46 with the same values on objects, which we 
denote by M, such that 

(1) M transforms disjoint unions into direct sums; 

(2) For each pullback diagram 




(2.2) 



in GT, there is a commutative diagram in Ab 
M (A) M (B) 



M' (g) 



M' (h) 



, MJk) 

M (C) -s» M(D). 

We denote the category of Mackey functors by M.k. This is an abelian category, 
with kernels and cokernels defined using the abelian structure of Ab. 

A topological Mackey functor is defined similarly with Ab replaced by the cat- 
egory T Ab of topological abelian groups. We denote the category of topological 
Mackey functors by TAik. 

Now we introduce our candidate for the abelianization functor for unbased G- 
spaces. 

Definition 2.3. For a G-space X and a Mackey functor M — (M», M*), we dcfine 
a topological Mackey functor X £g) M as follows. 

On the object level, for a finite G-set S G GT, we dcfine 

(2.4) (X (E) M)(S) := (X x S) M* =: (X x S) M 

as in (jl.3jl . 

For a morphism / : S — > T in G7 7 , we write /* = (X ® M)*(/) and /* = 
(X ® M)* (f) for simplicity and define them as follows. 

(id x/)® G ^id 



/„ : (X(8)M)(5) = (IxS)® 



GT 



M 



is defined by the covariant functoriality of the coend construction 
(2.4)]. 



(X x T) ® G jr M = {X® M) (T) 
5g^M [91 
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We now dcfinc 



/* : (X <g> M){T) = (X x T) M -> {X x S) ® GJ r M = (X ® M) (S). 



By (|1.3p , an element on the left is represented by (7, c) 6 Map GW (G, X xT) x M (G) 
for some G G G7 7 . Wc form the following pullback diagram in the category GIA 



(2.5) B ^-XxS 

F id x/ 

C ^ X X T. 



Note that B G GF. Dcfinc 



(2.6) /* : (X®M)(T) -> (X <g> M)(S); [(7, c)] -> p, M*(F)(c))], 

where (/?, M*(F)(c)) e Map GW (.B, XxS)x M (B). (Here and after, we denote the 
equivalence class of an element by [— ].) 

In Lemma 12.81 below we show that /* is well defined, and that X ® M is a 
topological Mackey functor. 

Remark 2.7. In Definition 12.31 it would perhaps be more precise to denote the 
resulting topological Mackey functor by QX (g) M, because it is the C/-space &X 
that is used to define the values of X cg) M. Indeed, we have (X ® M)(S) = 
(QX x QS) i&gfM. In a similar fashion we could define X ®M, for any ^-space X. 
However, in what follows, we will only be interested in applying this construetion 
to the case where X = QX, for some G-space X, and therefore we chose to simplify 
the notation by dropping the 

Lemma 2.8. With Definition \2.3[ X ® M becomes a topological Mackey functor. 

Proof. We first prove that /* in (|2.6[) is well defined, i. e., the definition is inde- 
pendent of the choice of the representative (7, c) G Map GW (G, X x T) x M (C). 
Choose another representative (Y, e') G Ma,p GU (C',X x T) x M{C). Without loss 
of generality, by (|1.4|) . we assume that there is a G-map h : C — ► G' , such that the 
following diagram 




commutes, i. e., 7 = 7' o h = j'h*, and 



(2.10) 



c' = M, (k) (c). 
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Consider the following diagram 



B 



X x S 




F 



B' 



idx/ 



F' 



C 



7 



X x T. 




C 



where the bottom is diagram (|2.9p . the back and the right front faces are pullback 
diagrams of the form (|2.5p . Then by the universality of B', there exists a uniquc 
H : B — > B' to make the left front face and the top commute. One can easily see 
that the left front face is also Cartesian since both the fibers of F and F' are the 
same as the fibers of id x/. 

Then by definition (|2.6p . we need to show 



(/3',M*(F')(c')) e Map GM (B',lx S) x M (B') 
are equivalent. Since the top is commutative, (3 — (3' o H — (3' H*. In view of (II. 4|) . 
we only need to show that M* (F) (M* (F) (c)) and M*(F')(c') = M* (F') (M* (/i) (c)) 
by (|2.10p are equal. This follows from the left front face being Cartesian and the 
property (|2.2p of the Mackey functor M. 

It can be checked that /* is a continuous homomorphism, and that X <g> M 
satisfies the conditions for a Mackey functor in Definition 12.11 □ 

Proposition 2.11 (Fvmctoriality). The construction introduced in Definition \2.3\ 
gives a bifunctor 

<g> : GU x Mk -> TMk- (X, M) ^ X ® M : 
such that X ® — is also exact: For an exact seguence of Mackey functors 



Proof. The functoriality in both GU and A4k is easy to see from the definition. 

To prove the exactness of (|2.13l) . we need to show that for any S G G J 7 , the 
following sequence of topological abelian groups 

(2.14) -► (X x S) ® GJ r M -> (X x S) ® G f N -y (X x S) ® G3 r P -> 

is exact. For an element in (X x S) ®gj^ M, one can choose a representative 
(/3,6) G M&Tp G u(B, X x S) x M(B) with (3 injective. (Otherwise, one can replace 
(3 with the inclusion i : Im(/3) m!xS and apply the equivalence relation (|1.4p .) 
For an injective (3 with B ^ 0, 

(2.15) [(/?, i))]=0e(Ix S*) ® GJ r M o 6 = € M(B). 



(/3, M* (F) (c)) e Map GW (B,X xS)x M (B) 



and 



(2.12) 0— >M— >iV— >P— >0, 
</iere is an ea;act sequence of topological Mackey functors 

(2.13) 0->-X(g>M-»-Jf<g)iV->X<g>P- 



0. 
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The exactness of (|2.14j) then easily follows from this observation and (|2.12| . □ 

Example 2.16. Applying our construction to the space xo of one point, one canon- 
ically recovers M, i. e., 

x ® M = M. 

This fact is rather straightforward, and we leave the details to the reader. 

We will now give a reduced version of the functor X ® M, defined for a based 
space (X, xo)- Recall that the base point xq is G-fixed. Consider the natural maps 

i p 

X Q -> X -> x . 

Example 12.161 shows that xq (8 M = M. Since p o i = id, it follows by functoriality 
(Proposition 12. 1 i]) that one has natural maps 

M = x ®M^X®M^x ®M = M, 

such that 

(2.17) p» o i» = id . 

Definition 2.18. For a based G-space X with base point Xq and a Mackey functor 
M, define the reduced topological Mackey functor 

X®M = coker(z* : x (g) M -> X ® M). 

By the splitting (|2 . 1T|) . one naturally has a direct sum decomposition of Mackey 
functors 

(2.19) X®M = M©X@M. 

Proposition 2.20. A cofibration sequence of G-spaces 

Y^X ^X/Y 

gives rises to a short exact sequence of topological Mackey functors 

(2.21) ->Y ®M h X ®M ^> (X/Y)®M ->0. 

Proof. In view of (|2 . 15|) . we see that i* is injective since i is a closed inclusion, g* 
is surjective since q is, and the sequence is exact in the middle since the inverse 
image of the base point under q : X — > X/Y is Y. □ 

One can write out the above definition of X®M in terms of its components as 
follows. For a (general) based space X, first define the reduced topological abelian 
group 

X® G fM := coker(i* : x ® GJ r M -> X ® G f M). 
One then has for a finite G-set S, 

(2.22) {X®M)(S) = (X A S+)®gfM, 

We now give two important examplcs of X <S> M and X®M in the case where 
M belongs to two special classes of Mackey functors. These examples will be used 
extensively in Section 3. 
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Example 2.23. A G-module A determines a Mackey functor 1ZA whose value on a 
finite G-set S is the abelian group 1ZA(S) = Home {S, A), where the abelian group 
structure comes from the target A. For a G-map / : S — > T, the restrietion and 
transfer maps are given by 

KA* (f) : TZA(T) -» TZA(S); <f> ^ 4> o /, 

TLA*{f) : KA{S) -» 1ZA(T); tp h-s- i 1 1-» ^ ^( s ) 

Given a G-space X, it is natural to consider the G-module © Ke x^4 generated by 
X with coefficients in A. It has a natural structure of topological G-module, which 
can be seen most clearly from its deseription as the coend X ®jr A. Here T denotes 
the category of finite sets, X denotes the contravariant functor T° v — > GIA : S ^> 
M&p u (S, X), and A denotes the covariant functor T — > GW: 5 i— ► Hom(S', A) with 

A*(f: T): Hom(5, A) -» Hom(T, A); ^ ^ i t h-> ^( s ) 

See [9] for more details. 

For a based G-space (X, xq), there is a reduced version of this construetion, given 

by 

X®fA := coker(A = x ®jr A —> X ®f A). 
Then similar to (|2.19|) . one has the following direct sum decomposition 

(2.24) X 2> r A = A®X®rA. 

The functor X X®^A has a natural structure of functor with smash produets 
(FSP) given by 

(2.25) L Y ,x : Y A (X®?A) ->(7A X)® r A; {y, c) >-> (f y ®f id A )(c) 

where f y : X — > F A X denotes the funetion a; y /\ x. This FSP is studied 
in [1] (where it is denoted X i— > A(g>X). In particular, it is shown there that the 
corresponding G-prespectrum {S v ®rA\y is an Eilenberg-Mac Lane f2-spectrum 
for the Mackey functor 1ZA. 

Applying the functor 1Z to the topological G-module X A, we obtain a topo- 
logical Mackey functor 1Z(X ®jr A). (If we only consider the contravariant funeto- 
riality, then 1Z is the same as the $ in (11.21) .) 1Z(X ®p A) is closely related to the 
topological Mackey functor X ® 1ZA defined in Definition 12.31 Indeed, for a finite 
G-set 5, the forgetful functor GJ- — > T induces a natural map 

(X (g) 7eA)(S*) = (A x 5) ^ -v (A x S) ®r A, 

and it is shown in [9l Proposition 2] that this map is an isomorphism onto the fixed 
point set 

(2.26) (X x S)® G jrUA^((X x S)®jrA) G . 
There is a natural G-homeomorphism (see [3] for more details) 

M aPu (S,X®rA) ^(Xx S)®rA; f * £ L s + ,x + (s, f (s)), 

ses 
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where the left is the mapping space with the G-action of conjugation whose fixed 
point set consists of equivariant maps, and the L o n the right is as in (|2.25|) . 
Thcrefore on the level of fixed point sets, we have a homeomorphism 

(2.27) {{X x S) ®?A) G ~ Ma^ GU {S,X ®jr A) = K{X ®jr A) (S). 

It can be checked that the above defines a natural isomorphism of topological 
Mackey functors 

(2.28) g: X ® KA -> K(X ®? A). 

The class of Mackey functors considered in the previous example is very restric- 
tive but it admits an important generalization introduced in [7J, which we discuss 
now. 

Example 2.29. Given a subgroup H < G, let WH = NH/H be its Weyl group. 
There is a functor 

K: WH-Mod -> Mk, 
such that, for a Wff-m.odu.le A and a finite G-set S, one has 
(2.30) KA(S) = nom WH (S H , A). 

For a G-map / : S — * T, we consider the restriction f H : S H — > T H which is a 
Wff-map. Then 

KA* (f) : KA(T) KA(S); 4>^4>of H 

KA r {f) : KA(S) -» KA(T)\ ,••(/• ^ i/>(s) J 

Whenever it is necessary to make the pair (G, H) explicit we write Kfj instead 
of K. In particular, if H — {1} and A is a G-module then K^A coincides with the 
Mackey functor KA defined in Example 12.231 

The importance of the images of the functors K!fj (for all H < G) as a class of 
Mackey functors comes from a result of [7J, which states that this class generates 
all Mackey functors in a precise sense that we recall in Section 3. 

The functor K has a left adjoint [7J 

C : Mk -> WH-Mod; M i-> M (G /H), 

where one notes that M{G/H) is a Wff-module since B.om.Gj^(G / H, G / H) = WH 
acts on it. 

This adjunction has an obvious topological analogue: 

n 

topological WH— modules - topological Mackey functors. 

c 

Now, associated to a G-space X and a WTJ-module A, we have two topological 
Mackey functors: X ® KA and K(X ®jf A), where X H Cg)^ A is a topological 
T'KH-module defined in Examplc 12.231 (with G = WH). The next proposition shows 
that there is a natural isomorphism between these two functors, generalizing the 
isomorphism g (|2 . 28[) in Example 12.231 

Proposition 2.31. For a WH-module A and a G-space X, one has a natural 
isomorphism of topological Mackey functors 

g: X®KA^ K{X H ®r A). 
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For a based X, taking off from both sides the trivial factor 1ZA in view of (|2.19l) 
and (|2.24|) . one also has an isomorphism for the reduced version: 

g: X®TIA ^ Tl{X H ® r A). 

For the proof, we need the following lemma. 

Lemma 2.32. Let G be a finite group, H a subgroup of G, and WH the Weyl 
group of H in G. Then one has the following two adjoint funetors: 

R:GU~> WHU; X i-> X H , 

and 

L : WHU -^GU; Y ^ G/H x WH Y, 

such that 

M a p GU (LY,X) = M&p WHU (Y,RX). 

Proof. The counit is 

(2.33) e : LRX = G/H x WH X H -» X; (gH, x) ^ gx, 
and the unit is 

(2.34) n : Y RLY = {G/ H x WH Y) H ; y » ( e H,y). 
One can easily see that the following composition 

(2.35) RX v -5 RLRX ^ RX : 

X H -► (G/H x WH X H ) H -f X H - 
x i ► (eH , .x) i > a; 

is the identity. Similar composition for LY is also the identity. □ 

Proof of Provosition \2.3l\ We only prove the unreduced version, and the reduced 
version clearly follows by (|2.19[) and (|2.24p . 
First note that, for a finite G-set S, we have 



(2.36) TZ(X H ® r A){S)^ Ms, VwHU {S H ,X H ® F A) 



9{{X H x S H ) ®r A) WH (X H x S H ) ® WH F 11™ A 



GH) 

UeWHF 



= ! ][J M& Vvmu (U, X H x S H ) x Rom WH (U, A)/ 



For a finite G-set 5, we define a morphism g: X (g) 1ZA — » 1Z(X H ®jr A) as the 
following composition: 

(X (g) = (X x 5) ® G:F TeA 

]J Map GW (T,IxS)xHom M (r ff ,i)/ K 

(2.37) flxid -q MapwHw ( i2T)flXxii 5) xHom WH (T H ,A)/ n 

9 (X H xS H )® WH ^nf l I {A = Tl(X H ®jrA){S). 
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Also define a morphism TZ(X H (g)^ A) — ► X (g) 7£yl by 



^ A) (S') °P (I« x S ff ) IZ^yA 
]J Map ffm (f/, J?(X x S')) x Hom^C/, A)/ « 

]J Map^-Lf/, Li?(X x S)) x Rom WH (RLU, A)/ 

LU SGJF 

( £ o)xid jj Map GW (LC/, X x S) x Hom w (i?LC/, A)/ w 

LUeGF 

-> {X y. S)® G jr1lA= {X ®KA){S). 
Here the maps R, L, r/ and e are as in Lemma 12.321 and the map 
77* : Hom WH (U, A) — » Homw-//(i?LC/, j4); 

(w' e i?L£/) 1 ► ^ a(u) 
is the "transfer" map for 77 : [7 -> i?L[/ (|2~34| . 

Lemma 2.38. Bo£/i g and s are well-defined, and are natural transformations of 
topological Mackey functors. 

Proof of the lemma. After unraveling all the definitions, the well-definedness and 
the naturality with respect to covariancy of the Mackey functors are easy to check. 
The naturality with respect to the contravariancy of Mackey functors (see Defini- 
tion 12. 3p is more involved, and uses the fact that the R in Lemma 12.321 being a 
right adjoint, preserves Cartesian diagrams. We leave the details to the interested 
reader. □ 

Let us now show that both the compositions and go ^ are the identity. Fbc 
a finite G-set S. 

First we check the equality <; o g = id. Pick 

(a, a) G Map GW (T,X x S) x Rom WH (T H , A). 

Then 

g(a,a) = {Ra,a) G Map WHU (RT, R(X x S)) x Rom WH (T H , A), 

and 

(a', a') = (<;oQ)(a,a) = (eoLRa,^) G Map GW (LRT, X x S) x Uom WH (RL RT, A). 
One has the following commutative diagram 

LRT J ^LR(X x S) 



T ^X x S 

by the naturality of e (|2.33[) . Therefore a' = e o LRa = ooe = ae* . By (|1.4[) . one 

has 

(a', a') = (as*, a') s» (a,e*a r ). 
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To illustrate the situation, we draw the following diagram (which we don't claim 
to be commutative) : 

RT 




Then it is easy to see that 

£*a' = e*r/*a = a, 

by ([2~35i 

Finally we check the equality g o <^ = id. Pick 



Then 



and 



(/3,6) G Map WHU (U,RX x RS) x Rom WH (U,A). 



<;(/3,b) = (eoLf3,r)*b) e Map G {LU,X x S) x Homwn (RLU, A) , 



(^) = ( e oO(/3,&) = (fl(eoL/3),rfc6) 
eMslp whu (RLU,RX x J?5) x HoniM/// A). 

One has the following commutative diagram 

/3 



RX x i?S 

r]R 



RLU — ^ x ES). 

by the naturality of r/ (|2.34p . Therefore r]R o /3 — RLj3 o 77. Composing both sides 
with Re from the left, one sees in view of (|2.35[) that 

13 = Re o RL/3 o 77 = i?(e o i/?) o 77 = o 77 = /3' 77*. 

Therefore by (|1.4p . one has 

(/3,6) = (/?V,6)«(/3',7 y ,6) = (/3',6'). 

□ 

The following result will be used throughout, which is a generalization of both 
Proposition 7] and [51 Lemma V.3.1]. 

Proposition 2.39. Let H < G be a subgroup. There are two adjoint functors 
C:GT -> WHT; X 1 ► X{G/H), 
Tl : WHT -^QT- Y ^ (S ^ Map WHT (S%, Y)) 

such that 

Ma,p WHT (£X,Y) = Map gT {X,KY). 
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Proof. The proof is similar to those for the above-mcntioncd results. In particular, 
the counit CRY —t Y is the identity, and the map 

(2.40) Ma Pgr (^, TZY) -» Map WHT (CX, Y) 

is obtained by applying £, which is taking the (G /H) component. □ 

3. i?-£-SPECTRA AND EQUIVARIANT HOMOLOGY 

It is well-known that many of the concepts of equivariant homotopy theory can 
be carried over to the context of C/-spaces. We start this section by introducing 
the notions of C/-prespectrum and J7-CJ-spectrum. Then we use the construction 
of the topological Mackey functor X®M (for a based G-space X and a Mackey 
functor M) to define a (y-prespectrum {E°° X)®M . In Theorem l3.15l we show that 
(£°°X)tg>M is an J?-C/-spectrum when X is a based G-CW complex. 

We start by defining some basic structures of QT in order to formulate our 
results. 

Definition 3.1. Smash products in the category QT are defined, in view of Re- 
mark ll.ll by 

(X A y){G/H) := X{G/H) A y(G/H). 
Internal Hom's in QT are defined by 

(3.2) Hom(X,y)(S) :=Ma.p gT (X A$(S+),y) 

for S G GT . (We will often abuse notation by omitting $.) 
Proposition 3.3. One has the following adjunction 

(3.4) M&p gT (X A y, Z) — Map gT (X, Hom(y, Z)). 

Proof. For an orbit G/ H, define the unit to be 

r) :X{G/H) = Ma-p gT {<5>(G/H+),X) (Yoncda lcmma) 
-^Hom{y, X A y)(G/H) = Map gr ($(G/ff+) A y, X A y); 
f h+/ A id; 

and the counit to be 

(3.5) n :(Hom(y, Z) A y)(G/H) = Map gT (y A $(G/H+), Z) A y(G/H) 
-+Z(G/H); ftAj/H h G/H (y A id). 

Then one can check the usual conditions for adjunction. □ 

Lemma 3.6. The functor $ (jl.2p preserves smash products 

(3.7) ®(X A Y) = <PX A <PY, 
and internal Hom's 

(3.8) $Map T (X Y) = Hom(<I>X, $Y), 

where Mapj- denotes the internal Hom for G-spaces with conjugate G-action. 
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Proof. ()3.7|) follows from 

(X A Y) H = X H AY H . 
There is a functor [U Lemma V. 3.1] 

(3.9) 6 : QT —> GT; X -» A(G/e), 

which is left adjoint to $ in l|1.2j) . Clearly 6$X = X. Therefore 

(3.10) Map gr ($X, $F) = Map Gr (6$X, Y) = Map GT (X, F). 
On a finite G-set S', (|3.8| is defined by 



$Map T (X,r)(5') ^ Map GT (S' + ,Map r (X,y)) 



=Map GT (X A S+, Y) = Map gT ($(X A S+), $F) 

^Ma Pgr ($X A $F) 'P Hom{<£X, $Y)(S), 

where the second equality is by an obvious adjunction in GT. □ 

Moreover, QT has a model category structure in which the weak equivalences 
and fibrations are defined component-wise [H Chapter VI]. Therefore $ preserves 
the model structures by definition. 

Definition 3.11. Fix a complete G-universe U and a cofinal set A of indexing 
spaces, which are defined to be finite dimensional sub G-spaces of U (see [8j Chapter 
XII]). Definc a Q-prespectrum to be a collection of C?-spaces {AV}ve.4 such that for 
W G A, one has the following structure map 

(3.12) o v,w ■ ®S W A X v -> X v+W 

as a map of C?-spaces. The structure maps a are required to satisfy av.o = id and 
the expected transitivity condition: 

<PS U A ®S W A X v *■ <*>S U A X v+W 



H2J 



ZS U + W AX V : X V+W+U . 

For a (y-space A', we call := Hom(QS w , A') the H^th foop space of A' as a 

C/-space. We call the C/-prespectrum {Ay}y e ^ an Q-Q-spectrum if the adjoint map 

T~V,W '■ Xy — > Q^ Xyj r y\/ 

associated to (|3.12l) by (13. 4p is a Q-we&k equivalence. 

Let X be a based G-space, and M a Mackey functor. We consider the following 
natural (y-prespectrum [E°° X)®M with its Vih. space as the topological Mackey 
functor (U v X)®M , which is thus a (5-space. Understanding X generally (i. e., 
sometimes as S V X), there is the natural structure map 

i/> : $S W A (X§M) -» {E W X)®M, 

which is defined as follows. For an orbit G/ H, in view of (|2.22|) , we define 

^ G/H : Map GT (G/ff + , S w ) A ((X A G/H + )® Gr M) - (I7 W X A G/H + )® aF M; 

(3.13) «A^(((ao pr 2 ) A id)§ G ^ id)(£) 
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by the functoriality of our coend construction, where 

(a o pr 2 ) A id : X A G/H + -> S w X A G/H + 

is the G-map defined by x A t h— >• a (t) A x A t. 

Since we are interested in the adjoint of ip under the adjunction 

(3.14) <t> : X®M Q W {{E W X)®M), 

we now write it out in detail. Given a finite G-set T, the value of 4> at T is a map 

4>t ■ {x®m){t) -> ^ff^^ijiMlfr), 

which is natural in T. By the Yoneda lemma and the definition of internal Hom 
(|3.2[) . 0y can be described as a map 

(/-t : Map 6r ($(T + ),X§M) -> Map er ($5 iv A $(T+), (^1)®M), 

such that the image of /3 S Map g7 -(T + , X(E>M) is the following composition: 

$S W A *(T+) ^ $S* W A (X®M) ^ {S W X)®M. 

We have the following important result. 

Theorem 3.15. For a based G-CW complex X . the Q -prespectrum X)®M is 
an f2-Q-spectrum, i. e., the adjoint map (|3.14|l is a Q-weak equivalence. 

Proof. The strategy of the proof is to use a structure theorem for Mackey functors 
by Greenlees and May [7] to reduce to the case that M = JZA, where A is a WH- 
module, as in Examplc 12.291 Using Propositions 12.311 and 12.391 we will furthcr 
reduce this to the case handled in [2J and recalled in Example 12 . 231 with the group 
replaced by WH. The case of a general Mackey functor M is then completed by an 
application of the 5-lemma. 

Let M = 1ZA be as in Example 12.291 Since <?-weak equivalences are defined 
component-wise, we need to show that, for each finite G-set T, the map 4>t in the 
top row of the following commutative diagram is a weak equivalence of spaces (for 
notational simplicity, we will omit the $'s in this proof): 



(3.16) Map gT (T + ,X<g)llA) 



Map gT (S w A T+, {E W X)®KA) 



Ma PgT (T+, Tl{X H ®jrA)) -^-»- U& VgT {S w A T+, K({Z wH X H )® F A)) 



Map 



WHT 



■ Map 



WHT 



(S wH AT*,E wH X H ®M)- 



The vertical arrows in the above diagram are homeomorphisms for a general space 
X given by Propositions 12.311 and 12.391 and the maps tt and \t are completely 
determined by the commutativity of the diagram. 

For each 7 6 Map g7 -(T+, TZ(X H ® F A)), the commutativity of diagram (|3.16|) 
implies that the value tt(t) is a composite of the form 



(3.17) 



S w A T + id 4 7 S w A K{X H ® r A) A n((£ w " X H )® F A), 



16 



PEDRO F. DOS SANTOS AND ZHAOHU NIE 



where v is determined by the commutativity of the following diagram: 
S w A {X®KA) {E W X)®11A 

id Ag 

S w A K{X H ®rA) — ^ K{{E W " X H )® r A). 

Recall that g is the isomorphism dcfincd in Proposition 12.311 On an orbit G/ K, 
this reads 

Map GT (G/X+, S w ) A ((X A G/K + )^ Gr nA) {S W X A G/K + )® Gr KA 

idAQ G / K Qg/k 

Map GT (G/K + , S w ) A Map wr ((G/^)^, X H ® r A) Map WH T((G/Jf)+ 1 (E w * X H )® r A) 

Unraveling the definitions of ip in (|3.13[) and g in (|2.37[) , it is easy to see that for 
a e M&p GT (G/K + ,S w ), C e Map WHT ((G/K)",X H ®?-A) and u £ (G/ 'K)", we 
have 

(3.18) v(a A £)(«) = {f a{ u)®r i<U)(f(ti)), 

where f a (u) '■ X H — > X ff is the map £ i— ► a(u) A x. 

Next we compute the map \t in diagram (|3.16|) . Denoting by S = lad(7) G 
M&j> WHT (T£,X H (g>rA) the left adjunct of 7 G Map gT (T + , U{X H ®jrA)) under 
the adjunction C h 1Z in Proposition l2.39l we have xt(<5) = XT(lad(7)) = lad(rT(7)), 
by the required commutativity of diagram (|3.16p . Since the counit of the adjunction 
is the identity (|2.40|) . we have 

lad(r T ( 7 )) = £(r T ( 7 )) ^ C{v) o £(id A 7 ). 
Thcrefore, Xt($) is given by 

S w " A Tf id 4 5 S 1 ^ A (X H ® F A) C ^ (S wH A X H )®?A 

Applying the formula (|3.18|) . we obtain C(v)(s A £) = (f s <8>F id^)(^), where f s 
denotes the map X H ^S w AX H given by x > s A x. 
We conclude that \t is composition with the adjoint map 

X H ®fA -> tt wM {{£ wH X H )®?A) 

of the 1/KH-prespectrum {V 1— > £ 1 'a' h ®jf^4}. Since it is shown in [4] that this is an 
f2-W / H-spectrum for a G-CW complex X, it follows xt is a weak equivalence for 
each T. Therefore (|3.14[) is C?-weak equivalence. 

Now for the general case of M, we use the structure theorem for Mackey functors 
of [7] . This result states that the class of Mackey functors containing the functors 
{'R A}, for all subgroups H < G and all W-ff-modules A, and satisfying the 2 out 
of 3 property for short exact sequences contains all Mackey functors. Since we have 
shown that the class of Mackey functors for which (|3.14p is a C?-weak equivalence 
contains Mackey functors of the form 1ZA, it sufhces now to show that this class 
satisfies the 2 out of 3 property for short exact sequences. 

Let 
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be a short exact sequence of Mackey functors. First we show that, for a G-CW 
complex X, one gets a fibration sequence of C/-spaces 

X®M^X®N^X®P. 

This means that, for each finite G-set T, the resulting sequence of topological 
abelian groups (see (|2.22|) ) 

(X A T+)® G fM -» (X A T + )® G fN —> (X A T+)® G ^P 

is a fibration sequence of topological spaces. To prove this, we use the following 
detour into simplicial sets and the realization functor. Let Xt denote X AT + and 
SXt denote the total singular simplicial set of Xt- Then one has an exact sequence 
of simplicial abelian groups 

-> SX t ®gfM -> SX T ® GJ rN -v SX t ®gfP -> 0. 

(This is a simplicial version of Proposition 12.110 By basic simplicial homotopy 
theory [6, III. 2. 10], this is then a fibration sequence. Since geometric realization 
is a Quillen equivalence between the categories of simplicial sets and topological 
spaces [6], we have the following diagram 

(3.19) \SX t ® G fM\ ^ \SX t ®gfN\ > \SX t ®gfP\ 



X t ®gfM >■ X t ®gfN X T (g> G ^P, 

where the first row is a fibration sequence. For a G-CW complex X, the vertical 
maps are G-homotopy equivalences [9] . Therefore the second row is also a fibration 
sequence. 

Since internal Hom's clearly preserve fibration sequences, we have the following 
diagram of fibration sequences 

X ®GF M ^ X ® GJ r N ^ X ® G f P 



q w ((e w x)®m) — *■ n w ((s w x)®N) — »- n w ((E w x)®p) 

If two out of the three vertical maps are weak equivalences, it follows by the 5-lemma 
that so is the third. This concludes the proof of the theorem. □ 

We can now prove the following i?0(G)-graded version of the classical Dold- 
Thom theorem. 

Theorem 3.20. Let X be a based G-CW complex. There is a natural isomorphism 

n^{X®M) := [§S v ,X®M] gr = H$(X;M), 

where the [— , — \qt denotes based homotopy classes of G-maps, and the right hand 
side is the RO(G)-graded equivariant homology of X with coefficients in M. 

Proof. For a G-CW pair (X, Y), consider the functors 

h$(X,Y;M) = irG((X/Y)®M) = [$S V , {X/Y)®M] gT . 

Now we verify that the satisfy the axioms for an RO (G)-graded theory with 
coefficients in M. 
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The G-homotopy axiom and the excision axiom are easy to chcck (cf. |4) Cor. 
2.7]). For a cofibration sequence 

rAii x/y, 

one has a fibration sequence of topological Mackey functors 

Y®M h X®M ^ {X/Y)®M. 

The proof again uses a detour into the simplicial category through gcometric real- 
ization and the simplicial version of Proposition 12.201 (cf. the end of the proof of 
Theorem l3.15|) . Hence one has the associated long exact sequence in the theory. 
The dimension axiom follows from Example l2.16l 

The only new RO(G)-graded suspension axiom now follows from Theorem l3.15l 

□ 

4. Equivariant Eilenberg-Mac Lane spectra 

The categories of G-spaces and 5-spaces are related by the fixed point functor 
<$>: GU GU (cf. (TOjl V The coalescence functor QU -> GU defined by 
Elmendorf 5 shows that, up to wcak cquivalcncc, evcry (/-spacc is the fixcd point 
system of a G-space. In this Section wc define a variant of Elmendorf 's functor for 
both the unbased and the based situations, and study the relation of \1/ with smash 
produets and internal Hom's. Application of 'f turns an I2-C7-spectrum, for example 
the {J2°°X)®M defined in Section 3, to an fi-G-spectrum. In the particular case 
that X = S°, we get a model for the equivariant Eilenberg-Mac Lane spectrum 
HM. 

First we introduce a variant of Elmendorf 's construetion using the category GJ- 
of finite G-sets instead of the orbit category Q, for the benefit of the existence of 
finite produets (see Proposition 14.51 bclow) . 

Definition 4.1 (cf. [5l proof of Theorem 1]). Let J : G J- — > GU be the inclusion 
functor. For X G GU, ^>X is a G-space defined by 

^X := B{X,GT, J) = \B.(X,GT, J) 

where B,(— , — , — ) denotes the triple bar construetion: B,(X, GJ 7 , J) is a simplicial 
G-space whose space of of n-simplices is 

{(x,/, a)\x e X(S );f_ = Sq i 1 Si & ■ ■ ■ & S n ;a £ S n }, 

where the f i are G-maps, with the usual face (by composition or funetoriality of X 
and J) and degeneracy (by insertion of identity) maps. The G-action on B n (X, G, J) 
is induced from the one on the images of J. 

The following proposition shows that a £7-space X is, up to weak equivalence, 
the fixed point system of the G-space ^X. 

Proposition 4.2 (cf. [H Theorem 1]). There is a natural transformation e: < J"I' — > 
id such that for each X G GU the map Ex '■ ^^!X — > X is a weak equivalence. In 
particular $ preserves weak eauivalences. 

Proof. For an orbit G/H, the natural transformation e has value 
(4.3) e x {G/H) : <f>VX(G/H) = M&p GU (G/H, B(X, GT, J)) 

=B(X, GT, Hom G ^(G/i7, -)) -» X{G/H), 
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which is defined by pullback for each simplcx. Here the second equality follows 
from the fact that the G-action on B(X, GJ-, J) is induced from the one on the 
images of J, and that G/H is an orbit. It is Standard [8J §V.2] that Ex{G/ H) is a 
strong deformation retract. 

For the second statement, assume that / : X — > y is a weak equivalence of 
t/-spaces. We now prove that tyf : tyX — > yy is a weak equivalence of G-spaces. 
By definition, we need to show that $'4 r / : $ i BX — > $<I'3 7 is a weak equivalence of 
C/-spaces. This follows from the commutativity of the following diagram, 

**/ 

yy x — -*■ yyy 
x — J -^y, 

by the naturality of e, and the fact that ex, £y and / are weak equivalences. □ 



Remark 4.4. It can be checked that our variant in Definition 14.11 is the same as 
Elmendorf 's construction in [S] up to homotopy. 

Our variant enables us to show the following relation between y and products. 

Proposition 4.5. For X, y G QIA, there is a homotopy eguivalence of G-spaces 

(4.6) vj:-*S>Xxyy->y(Xxy), 
with a homotopy inverse 

A : y(X x)))^«x yy. 

defined in (|4.7|) below. 

Proof. Define w as the geometric realization of 

B, (X, GT, J) x B. {y, GT, J) -> B. ( X x y, GT, J) : 

((X(S a ) 3 x, /i, • • • ,f n ,a£ S n ), (y(T ) 3 y, 5i, • • ■ ,g n ,(3 e T n )) 
((X x y)(S a x T ) 3 (X{p 1 )(x), y(p 2 )(y)), fi x gi, ■ ■ ■ , f n x g n , (a, /3) e S n x T„), 

where pi : So x To — > 5o and pi : Sg x To — > To denote the projections. 
Define 

A = *(pri) x *(pr 2 ) : xJ)^Mx$}) 

by the functoriality of y for the obvious projections. More concretely, A is the 
geometric realization of 

(4.7) B.(X x y, GT, J) -> B,(X, GT, J) x B,(y, GT, J) : 

((x,y)e(Xxy)(S ),h,--- ,f n ,a)^ 
((xeX(S ),f lr --,f n ,a),(y€y(S )J 1 ,---J n ,a)). 

It can be checked that w and A are homotopy inverses of each other by con- 
structing homotopies on the simplicial space level using projections and diagonals 
at appropriate places. □ 

We now define a version of the coalcsccncc funetor for based C/-spaces, still de- 
noted y : GT -► GT. 
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Definition 4.8. For X G QT, the based G-space ^X is defined to be the geometric 
realization of a based G-simplicial space, as follows: 

VX = B(X, GT, J) := [B. {X, G F ", J) | , 

where B,(X, GJ-, J) is the based simplicial G-space defined by 

B n (X, GT, J) = B n (X, GT, J)/B n (*, GT> J), 

where * denotes the base point of X. 

We have the following relations of the functor ^ with smash products and internal 
Hom's. 

Lemma 4.9. For X, y G QT , there is a based version of the construction in 
Proposition \4-5\ 

w: $X AVy ->V(X AJ), 
which is a weak equivalence of G-spaces. 

Proof. Consider the natural composition 

yx x yy ™ \[,(x x y)^ y(x a y), 

which is the geometric realization of 

B.(X, GF, J) x B,(y, GT, J) -> B.(X x y, GT, J) -> B.(X A y, GT, J). 
It is clear that 

B.{X,GT,J) x B.(*,GF,J) -> B.(X x *,GF,J) -> B.(*,GF, J) 

under the above composition, and similarly for £?,(*, GJ-, J) x B,(y, GJ 7 , J). 
Then we define the based w to be the following composition 

WAf} , = \B.(X,GT, J) | A\B.(y,GF, J)| = \B.(X, GT, J) A B.(y, GT , J)\ 

= \(B.(X,GT,J) x B, (y, GT, J))/ {{B, (X, GT, J) x B,(*, GT, J)) U G7 7 , J) x B m (X, GT, J)))\ 

->|B.(# A^Gf, J)/S.(*,G^, J) | = Aj,Gf, J)| = A y)- 

By dehnition, to show that the based 137 is a weak equivalence, we need to show 
that 

: <f>vx a <f>^y^<f>(^x a yy) -> <$>y(x a y) 

is a weak equivalence of C?-spaces. This follows from the commutativity of the 
following diagram 

(4.10) <pyxA$yy — >-3>y{XAy) 

x a y, 

and the fact that ex/\y and ex A sy are weak equivalences. Recall that sx(G/H) 
(|4.3p is a based dcformation retract, so is sy(G/ 'H). Therefore Ex A Ey is a weak 
equivalence. □ 

Proposition 4.11. For X a based Q-CW complex and y a based G-space, one has 
a weak equivalence of G-spaces 

(4.12) C : y'Hom(X 1 y) ^ Mwp T (VX, #y). 
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Proof. Define ( to be the adjoint of the composition 

(4.13) A : ^Hom{X, y) A^X ^ ^{Hom{X, y) A X) ^ yy, 



where vj is as in Lemma 14.91 and \i is the counit map in 

By definition, to show that C is a weak equivalence, we need to show that 

$C : <PfHom(X,y) -> <S>Map T {^X, $y) ® Hom{$ i S>X , $Vy) 

is a weak equivalence of 5-spaces. 

This follows from the following commutative diagram 

<f>VHom{X, y) * Hom(^X, <t>vy) 

7iomQ.d,ey) 

„ Ttom(ex, id) 

Hom(x, y) — Woto($*a-, y), 

where all the other maps are weak equivalcnces. Recall that we assume that X is 
a Q-CW complex, so & 1 $>X has the homotopy type of a Q-CW complex. Therefore 
ex ■ $> i &X — > X is a homotopy equivalence by the Whitehead theorem [51 The- 
orem VI. 3. 5], which implies that H.om(sx, id) is a homotopy equivalence. That 
H.om(id,ey) is a weak equivalence follows from the fact that sy is a weak equiva- 
lence and that $>tyX has the homotopy type of a Q-CW complex by the Whitehead 
theorem [8j Theorem VI. 3. 4]. □ 

Now we apply the functor 'J to a C?-prespectrum to get a G-prespectrum. How- 
ever, for a representation V and the corresponding representation sphere S v , we 
only have a natural G-map 

(4.14) Qe v : V$S V -> S v , 

which is a weak equivalence of G-spaces. Here O is defined in (|3.9j) (see the proof 
of Theorem V. 3. 2 in [5J). To get a G-prespectrum in the sense of [S], we need to 
fix the following choices. 

Lemma 4.15. There is a family of G-maps fiy: S v — > ^^S* 17 , V £ .4, sucft i/ioi 
('i) /3y is a homotopy inverse to 0£y : 5'<i>S' y — > S' ; 
("ii) /or eac/i V, W d A the following diagram commutes 

(4.16) s v A 5 W >■ V$S V A #$S W 



gv+w \$i$s v+w , 

where w is defined as in Lemma \4--9\ 

Proof. Recall that G is finite. Choose a representation Vi in each of the finitely 
many isomorphism classes of irreducible ones. Since is a G-CW complex, ty(&S ; 
has the homotopy type of a G-CW complex. By the Whitehead theorem, Oev; in 
(|4. 14[) is a G-homotopy equivalence. Choose and fix an inverse A general 
representation V ^ A has a fixed decomposition into the irreducible ones {Vi}. 
Without loss of generality, assume that V — V\ + V2 . Then we define 

(iv : S v = S v > A S v > PV1 -^ V2 mS Vl A mS v > Z *$S V . 
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The general commutativity in diagram (I4.16j) then follows by construction. □ 
Definition 4.17. Given a C?-prespectrum X = {Xv}veA with structure map 
(4.18) a : $S W A Xy — > Xv+w, 

dcfine ^>X to be the G -prespectrum whose value on a representation V E A. is 

and whose structure map for W G A is the composition 
(4.19) 

<; : S w A (¥#) v V$S W A ¥Af v ™ A X v ) ^ <MV +W - (9X) V+W . 

Lemma 4.20. Together the family {i&Xy} and the structure maps q define a G- 
prespectrum. 

Proof. This is a check of compatibility, which follows from our choices in Lemma 
14.151 and the natural associativity of w in Lemma 14.91 We omit the details. □ 

Theorem 4.21. If X is an fl-Q-spectrum then ^lX is an fl-G-spectrum. 

Proof. By Definition 13.1 1| the adjoint map 

r : X v -> Hom{<bS w ', X v+W ) 

associated to the structure map (|4.18[) is assumed to be a weak equivalence of 
t/-spaces. Therefore the composition 

C : ^X v ^ t>Hom{<S>S w , X v+W ) -^Map T (#$S w , ¥X v +w) ?k M&p T (S w , VX v +w) 

is a weak equivalence of G-spaces, by Lemma 14.21 Proposition 14.111 and Lemma 
14.151 It can be checked that £ is the adjoint of the structure map <; in (|4.19[) for 
the prespectrum ^X, in view of the definition of C as the adjoint of A in (|4. 1 3|) . 
Therefore 1 i>X is an f2-G-spectrum. □ 

Combining Theorem 13.161 and Theorem l4.21l we get the following final result. 

Theorem 4.22. Fora based G-CW complex X , the equivariant prespectrum fy((£°°X)® M) 
is an fl-G-spectrum satisfying tt^{{S°°X)®M) ^ H§{X\M). 

In particular, 9((S°°S )§iM) is an equivariant Eilenberg-Mac Lane spectrum 
HM , and for each finite dimensional G -representation V, the G-space $>(S <8>M) 
is an eauivariant Eilenberg-Mac Lane space K (M, V). 
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